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Abstract 

>' 

in 

\^^ • In the context of a relativistic quantum mechanics with invariant evolution param- 

j~^ . eter, solutions for the relativistic bound state problem have been found, which yield 

CD I a spectrum for the total mass coinciding with the nonrelativistic Schrodinger energy 

spectrum. These spectra were obtained by choosing an arbitrary spacelike unit vector 

n^ and restricting the support of the eigenfunctions in spacetime to the subspace of 

the Minkowski measure space, for which (x_l)^ = [x — {x ■ n)n]'^ > 0. In this paper, we 

Q^' examine the Zeeman effect for these bound states, which requires n^ to be a dynamical 

^ ■ quantity. We recover the usual Zeeman splitting in a manifestly covariant form. 






X 



1 Introduction 

It has been shown M that the replacement 



(ri-r2)2 -^ p=^(ri-r2)2-(ti-t2)2 (1.1) 

in the argument of the usual central force potentials of non-relativistic mechanics leads to a 
relativistic problem, yielding a mass spectrum coinciding with the nonrelativistic Schrodinger 
energy spectrum, in the context of a relativistic quantum mechanics with invariant pa- 
rameter [0] (the correspondence is established by the fact that ti -^ t2 in the nonrela- 
tivistic limit). These spectra are obtained when one chooses a spacelike unit vector n^ 



idfiu = diag(— 1, 1, 1, 1) =^ V? = +1) and restricts the support of the eigenf unctions in 
spacetime to the subspace of the Minkowski measure space corresponding to the condition 

{Xi_f = [x-{x-n)nf>Q, (1.2) 

where we denote by x = x'^ the relative coordinates Xi — X2, for the two body system, and 
^,2 _ 3,^2;^ The restricted space, called the RMS (Restricted Minkowski Space), is transitive 
and invariant under the 0(2,1) subgroup of 0(3,1) leaving n^ invariant and translations 
along n^. 

The two-body (Poincare invariant) Hamiltonian in this theory, 

K = ^^ + P^ + V{p), (1.3) 

2Mi 2M2 ^'^^' ^ ^ 

is quadratic in the four momenta, and one may separate variables of the center of mass 
motion and relative motion in the same way as in the nonrelativistic theory, 

where 

pi' = p1+p^ M = M1 + M2 (1.5) 

pi" = {M2pt - Mip^)/M m = M1M2/M. 

In [|I|, n^ was chosen to be the z-axis, and the relative Hamiltonian 

Krel = ^ + Vip) (1.6) 

was expressed in terms of coordinates with the parameterization 

y^ = p sinh j3 sin 9 y^ = P cosh /? sin 9 cos (p 

y"^ = p cosh/3 sin^ sin0 y^ = P cos 9 (1.7) 



for which 



(z/T + (2/r - (2/T > 0. (u 



It was shown in |Q, ^ that the eigenf unctions of Krei form irreducible representations of 
SU(1,1) — in the double covering of 0(2,1) — parameterized by the spacelike vector n^ 



stabilized by the particular 0(2,1). In 0, an induced representation of SL(2,C) was con- 
structed, by applying the Lorentz group to the RMS coordinates x^ and the frame orientation 
n^, and studying the action on these wavefunctions. One first observes that wavefunctions 
with support on 

X E RMS(n^) = [x\[x-{x- n)n]'^ > o} (1.9) 

may be written as functions of n^ and the coordinates of a standard frame y G RMS(ra^) 
since, given the Lorentz transformation C such that n = C{n) n, it follows that 



X e RMSfn, 



and 



y = C{n) X 



y e RMS(n^). 



;i.io) 



By choosing n = (0,0,0, 1) as in [jl|, the parameterization ( |1.7|) may be used for y'^. Now, 
under Lorentz transformations labeled by A, the wavefunctions were shown to transform as 



My) ^ i^niy) = ^pA-^niD-\A,n) y) 



;i.ii) 



where A acts directly on n^. The representations are moved on an orbit generated by this 
spacelike vector, and the Lorentz transformations act on y^ through the 0(2,1) little group, 
represented by D~^(A,n), with the property 



D'\k,n) h = C{An) A C^ {n) n 



n. 



;i.i2) 



The matrix C'^{n) was chosen in |^ to be a boost in the three-direction, a rotation about 
the two-axis, followed by a rotation about the one-axis. Thus, 



yM'^^ i^M'-^^ aM°^ 



where 



and so 



{M 



a\\fj,v 



g<^,gXu 



rg^^. 



1.13) 



;i.i4) 



L'{n) 



cosh a sinha \ 

— sin Lo sinh a cos cj — sin lo cosh a 

sin 7 cosu; sinha sin 7 sintu cos 7 sin 7 coscu cosh a 

V cos 7 cos uj sinh a cos 7 sin u; — sin 7 cos 7 cos u; cosh a ) 



;i.i5) 



which provides the parameterization of n^ as 



n,, 



sinh a \ 

— sin ijj cosh a 
sin 7 costu cosh a 
Vcos7 coscij cosh a/ 



;i.i6) 



By examining the generators hap{n) of ( |1 . 1 1 ) , which form a representation of the 0(3,1) Lie 



algebra (through their action on y and n), the Casimir operators 

ci = \K(,{n)h^^{n) C2 = \e''^^'K^{n)h,s{n) (1.17) 

as well as the operators of the SU(2) subgroup 

\?{n) = hi,^(n)h'^(n) L^{n) = h''{n) = -i^ (1.18) 

can be constructed as a commuting set. Moreover, the operator 

A = 1m'^-M^, ^£(^ + 1)-^, (1.19) 

where M^"" = y^'p'' -y^p^", and the 0(2,1) Casimir A^^ = (M^^f + {M^^f + {M^^ commute 
with this set and, wavefunctions were constructed which are eigenf unctions of the set 

{A,iV2,ci,C2,L2(n),Li(n)} (1.20) 

with eigenvalues Q = {i{i + 1) — |, n^ — ^, ci, C2, L{L + 1), q}. The requirement that these 
wavefunctions lie in a unitary irreducible representation of SL(2,C) (they are in the principal 
series), imposes the condition ci = n^ — 1 — c^/n^, where fi = n + 1/2. 

The remaining "radial" function, after the transformation R{p) = R{p)/ yf^ of the radial 
part of ipn{y), then must satisfy an equation which is precisely of the form of the nonrela- 
tivistic Schrodinger radial equation in three dimensions (and has the same normalization). 
The states ipn{y) are then eigenstates of the Lorentz invariant Krei-, whose support is on 
the RMS(n), with the quantum numbers ( |1.20|) , and a principal quantum number Ua- In 
particular, the solutions for the problem corresponding to the Coulomb potential [|l|, yield 
bound states with a mass spectrum which coincides with the nonrelativistic Schrodinger 
energy spectrum. The observed energies for such systems are determined by the values of 
P'^Pfi, i.e., —E"^ in the center of momentum frame; from ( p..4| ) one obtains, in an expansion 
in orders of 1/c^, the nonrelativistic spectrum with relativistic corrections. 

The selection rules for dipole radiation from these states have been calculated [Q and have 
been shown to be identical with those of the usual nonrelativistic theory, expressed in a 
manifestly covariant form, 

{A£ = ±l; Ag = 0,±l}. (1.21) 



In addition to the transverse and longitudinal polarizations of the nonrelativistic theory, there 
is a "scalar" transition, induced by the relative time coordinate. The "scalar" polarization 
and the longitudinal polarization induce the same Ag = transition for the relativistic 
case, which has a natural interpretation in terms of the Gupta-Bleuler quantization of the 
photon. This relationship shows that the wavefunctions act correctly as representations of 
the the Lorentz group. Moreover, it was shown in Q] that the change in g, the eigenvalue 
of Li{n), corresponds to a change in the orientation of n^ with respect to the polarization 
of the emitted or absorbed photon. That the magnetic quantum number q depends on the 
frame orientation should not be surprising, because the operator Li{n) belongs to the SU(2) 
subgroup of SL(2,C), and acts on ra^, but not on the RMS coordinates (it was shown in |Q 
that for A a rotation about the 1-axis, D~^{A,n) = 1). 

In this paper, we provide a derivation of the Zeeman effect for the bound states, which 
requires allowing n^ to be come a dynamical quantity. We begin with a discussion of the 
classical 0(3,1) in the induced representation and obtain the group generators, which coincide 
with those of [Q, when the momenta are understood as derivatives in the Poisson bracket 
sense. We construct a classical Lagrangian, in which n^ plays an explicit dynamical role, 
and show that the generators are conserved. We then construct the Hamiltonian, which may 
be unambiguously quantized and made locally gauge invariant. Finally, it is shown that an 
external gauge field representing a constant magnetic field induces an energy level splitting 
corresponding to the usual nonrelativistic expression. 

2 The Configuration Space 

We shall be interested, in this section, in the classical relativistic mechanics of events of 
spacelike separation. We characterize the separation vectors by the coordinates [n, y), where 



n is the spacelike unit vector parameterized in (|1.16|) ; y E RMS(n) is parameterized in ( |1.7| ) 
(note that C'^{n)y G RMS(n)) and satisfies ( |1.2| ). 

Under a Lorentz transformation A, we know that 

n^n' = An x ^ x' = A x (2.1) 



It follows from ([LTOp and (^ that 

x' = Kx = kC{nY y = C{AnfC{An) A C{nf y = C{n'f y'. (2.2) 

Thus y transforms as 

y^y' = D-\A,n)y, (2.3) 

where (as in ( 1.12 )) D^^{A,n) = C{An) A C{n)'^ belongs to the 0(2,1) which leaves h 



mvariant, i.e., 



D-\A, n)h = C{An) A C{nf h = h, (2.4) 

and hence the relation (|1.8|) is preserved. The coordinates thus transform as 

A: (n,y) ^ {n,yy={An,D-\A,n)y). (2.5) 

We wish now to construct a model for the Zeeman effect in this covariant framework. To 
do this, we recall that in the computation of the selection rules for radiative processes, as 
we remarked above, the restriction Aq = 0, ±1 refers to a reaction of the radiation on the 
orientation of the coset label n^ of the induced representation. In the dipole approximation, 
the transition operator is x^, and in |Q, we demonstrated that the conservation of the 
eigenvalues L and n in the matrix elements of x'^ implies the vanishing of the matrix element 
<i'n'\ sin 6\in>, leaving only the terms containing <i'n\ cos 6\in> in the calculations. Since 
this term arises only from the y^ = p cos 6 component of y'^, the terms of x^ which contribute 
to these matrix elements are of the form C{nY^^y^. The 3-column of C^ is precisely n^, so 
the calculation factors as 

< na'i'n'L'q'c2\x'^\nainLqc2 > = < Ua'd-'n' L'q'c^lp cosO n'^\nainLqc2 > 

= < na'i'\p\nai >< i'n\ COS 9\in>< n' L' q' c'2\n^\nLqc2 > 
= < na'i'\p\nai >< i'n\ cos9\in > < nLq'c2\n^\nLqc2 > 
X (5„„/ (5ll/ (5(c2 -4). (2.6) 

Since \nai > refers to the radial functions and the functions \in > are the usual spherical 
harmonics, (|2.6|) shows directly that it is the orientation of ra^ which determines the transition 
in q. 

We deduce from this result that the vector n'^ must be effectively coupled to the radiation 
field, and we shall build our model for coupling to the electromagnetic field by adding to 

6 



the Lagrangian a kinetic term for the evolution of n^ which, with minimal gauge invariance, 
provides the Zeeman coupling. 

The velocity h = dn/dr transforms just as n does, since r is invariant: 

n' = An =^ n = Ah (2.7) 

but since C{n) is now r-dependent, the transformation of y is more complicated. We may 
write 

y = C{n{T)) X =^ y = C{n)x + C{n)x (2.8) 

x = C{n{T)fy ^ x = C{nfy + t{nfy (2.9) 

and we see that since d/dr and the Lorentz transformation commute, ( p. 81) is, in fact, form 
invariant: 

{ij)' = C{n')x' + C{n')x' 

= C{An)[Ax] + C{An)[Ax] 

= C{A n)A[C{nfy + C{nfy] + C{An) [AC{n)f y] 

= [C{An)AC{n)^]y + [C{An)AC{nf + £(A n)AC{n)f] y 

= D-\A,n)y + b-\A,n)y 

= ±[D-\A,n)y]. (2.10) 

The phase space (which must include n, h) transforms as: 

A : {(n, y); (n, y)} — > {{An, D'^A, n)y)- (An, D-\A, n)y + D-\A, n)y)}. (2.11) 



We now examine the generators of the Lorentz transformation represented in ( pj.5| ). We take 

A = 1 + A + o(A2) (2.12) 

and write A as 

\ = \oJe.pM''^ (2.13) 

where ujap-, a,/? = 0,---,3is (infinitesimal) antisymmetric. The matrix generators 

(2.14) 



ouj, 



7 



u=0 



are those given in ( 1.14 ). According to ( 2.12|) and ( 2.13|) , ( p.5|) becomes 

A: {n,y) -^ {n,yy = {n + Xn,C{n + Xn){l + X)C{nfy) + o{u^). 



(2.15) 



Defining the generators of ^ = (n, y) —* ^' = {n' , y') as 



8 Q^i 



j=i 



uj=0 



_d_ 



where for i = 1, ■ ■ ■ , 4, ^* = n^, fi = 0, ■ ■ ■ , 3, and for i = 5, 



],e 



(2.16) 
2/^ /i = 0,---,3. 



Thus, for i = 1, ■ ■ ■ ,4, 



duj^P 



uj=0 



d 
d 



[n' + (An) 



a;=0 



^(«-5^<^S)(-M.pn)^ 



w=0 



SO that 









(-Ma/^)^.^^ 



d 



i9a9pu - 9^p9a 



)n 



d 



n/3 






Un 



d 



which was called d{Xai3) in 



Now for i = 5, ■ ■ ■ , 8, 



de 



du'^f^ 



d 



u=0 



d 
d 



C{n + Xn){l + X)C{nfy 
C{nfy 



C{n + Xn) 
d 



u)=0 



+ 



w=0 



Cin) 



d 



duj^'P 



C{nfy 



LJ = 



Cin 



9n^ ^ ' duj'^f^ 



(An) 



C{nYy 



a;=0 



+ 



C{n)Mc,pC{nYy 



d 



-{M^pYun'C{n)^^C{nY + C{n)M^pC{nY 



Vi 



(2.17) 



(2.18) 



(2.19) 



where we have used the fact that 



C(n)C(n 



iT 



^ Cin)] C(nf + C(n)^C(nV 



Qj^fj. 



Qj^fj. 



Thus, we find that 






_d_ 

-o9e 



C{n)Ma(3Cinf - {Maf3rX^in)-^C{n)' 






dy^ 



(2.20) 



(2.21) 



Using (|1.14| ) for A^a/3, we obtain 



E 

i=5 



9e 



duj'^P 



U) = 






(2.22) 



(2.23) 



which was called g{Xaf3) in 0. So finally, we obtain 

X„, = ^^.^^J^^^ -1/''^) --/3^''C5^^/(^^|^ -^^1^) +-/^^ -^"^ 

which was called ihn{\ap) in [^l- It was shown that these generators satisfy the Lie algebra 
of SL(2,C). We will maintain the matrix notation for M.a(3 so that ( p.23| ) may be written as 

d 



X, 



a/3 



\c{n)M^,c-]^y'^^^ - [c{M^,rx^,c:'Ty^, 



{Mapr^n- 



P r,''. 



dnP 



"•Tl 



.T 



y' [Cin)Ma(iC']\/y - y' Cin)[n' MapV^^jC Vy - n' MafsVn 



where (Vy)^ = ^. By defining the four matrices 



S -C^ 
" dnP 



£} 



/i = 0, ■ ■ ■ , 3 



(which by ( p.20|) are antisymmetric) equation (|2.24|) becomes 

Xo.fi = - {y'^[Cin)Mo,3C^]Vy + n^iMo^^riy'^S^Vy + (V„).]} 



(2.24) 



(2.25) 



(2.26) 



3 Classical and Quantum Mechanics of the 
Generalized Phase Space 



For classical dynamical systems whose potential depends only on p (given by ( |1 . 1| ) ) , we would 
like to write a Lagrangian for the reduced "one-body problem" which includes an explicit 
kinetic term for n. A possible choice is 



2 2 ^ ' 



(3.1) 



where A is a length scale required because n is a unit vector. Notice that when n = 0, 
the dynamics depend only on x for fixed n^ and so the relative coordinate remains within 
RMS(n). Rewriting (O) as, 



x = C^y + C^y = C^[y + CC^y] 



(3.2) 



we may write (|3.1|) in the form 

L = 



-m[y + CC'^y]'^ + -\h^ - V{x? 



(3.3) 



By construction, ( p.3[ ) is Lorentz invariant, and so is invariant under the transformations 
induced by ( |2.2(j| ). Therefore, applying Noether's theorem 

Si' di' 






pL 


d ^h^ 


^ i d 


\dL , ,1 






6e + 


• sc 


w 


dTdt\ 


^ dr 


[de \ 



(3.4) 



where the first term vanishes for solutions to the Euler-Lagrange equation, and taking the 
variation to be 6^' = Icu^^X^^ ^*, one obtains the conservation law 



-^[p^Xa^y^ + irf'Xafsn^] = 
ar 



where 



Pm 



dL 
dy>^ 



and 



vr„ 



dL 



(3.5) 



(3.6) 



using the notation p^ for the variable conjugate to y^ (for each n^). Since the variables y^ 
are bounded by the RMS parameterization ( p..7[ ), the p^ are symmetric but not self-adjoint. 
These operators, however, occur in combinations which have self-adjoint extensions. We 
discuss these questions elsewhere. Using (|2.26| ) for Xq,^, (|3.5|) becomes, 

d 



dr 



{y' C{n)MafsC' p + n^iMa^r[y' S,p + vr,]} = 0. 



(3.7) 



If we understand n,^, in the Poisson bracket sense, as a derivative with respect to n^, then 
the quantum operators hn{Xa/3) of [^ now appear as classical constants of the motion for the 
Lagrangian ( |3.1|) . 
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To obtain the Hamiltonian, we first observe that L depends on r only through n, so 



^^' = ^ ("^5^^i = ^^^^ 



Applying (U) to (0 



and 



Pm 






m\y^, + {Ct^y)^ 



p = m[y + n^'S,,?/] 



(3i 



(3.9) 



d\-i d 

^^ = ^ = -^^M + "^[2/ + ^'^^'^y'^'^Qf^^y + ^''5'^y] = -^^M - y'^s^p (3.10) 

where we used (|3.9|) and the antisymmetry of S^ to obtain ( |3.10D . Equations (|3.9| ) and ( p. 101) 
may be inverted to eliminate {n,y): 

1 



n, 



X 



K + y -^^P] 



and 



y=-p- n^S.y = Ip - i[7r^ + y^S'^p]S,y 
m m X 



which may be used to write the Hamiltonian as 



(3.11) 



(3.12) 



K = y-p + n-TT — L 

pT(lp - i[vr^ + y^S^p]S,y) + (^[Tr, + y^S^^^ - \m{—y) 
A A / Tfl 



m 



2('-^M 



+ y^S>^p)i7r, + y^S,p)] + V 



^ + ^i^' + y^S^P)i^, + y^S.p) + V 



(3.13) 



Since S'^ is antisymmetric, we may regard ( |3.13| ) as a quantum Hamiltonian without ordering 
ambiguity in the operator y'^S'^p. The Schrodinger equation is then 

,2 



where we take as quantum operators 

Pm = 



^ + jx^''' + /^^P)(^M + y^s.p) + V 



^, 



d 



d 



TT,. 



(3.14) 



(3.15) 



We require that ( p.l4| ) be locally gauge invariant in the coordinate space (ra, y), that is, under 
transformations of the form 



^ 



-ie0{n,y) 



^■ 



(3.16) 
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this can be accomplished through the minimal coupling prescription 



Pm — 'V^l- eAj") tt^ 



7r„ - 



eXfi 



together with the requirement that under gauge transformation 

A^ — AH + Ae ^, _ ^, + (^ + ,-^,v,)e. 



(3.17) 



(3.18) 



Note that A|f^ transforms under 0(3,1) as an induced (over 0(2,1)) representation; it trans- 
forms as p^ under Lorentz transformations (i.e., under the 0(2,1) little group) and so, since 
the Maxwell equations are Lorentz invariant, it satisfies the Maxwell equation in the y^ 
variables. Under gauge transformation. 



(p - eA^"'^')e-'^^ip = e-'^^{p + eVyO - eA(")')V^ = e-^"®(p - eA^"))^' 



(3.19) 



and 



d 



{jr, + y^S,p-ex')e-''''i^ = e-''^«(7r, + y^p + e— -9 + ei/%V„0 - ex> 






so that the gauge invariant form of ( p.l4|) is 

idT-ip = Kip 



_L(p _ eAH)2 ^ ^(^^ ^ yTg,^ _ g^;.)(^^ ^ yTg^^ _ g^^) ^ y 



(3.20) 



(3.21) 



Consider the derivative operator which acts on Q[n,y) in the transformation of the gauge 
field Xfi ill (|3.18|) . We denote this operator by 



D^ = (V„)^ + y'^S^Vy (3.22) 



and we notice that D^ also appears in the Lorentz generators Xap ( |2.26| ). From ( p . 1 1| ) we 
see that D^ may be regarded as the quantum operator corresponding to An. Using ( |3.22| ) in 
( ^.2(j| ), the generators assume the simpler form 

= -{x^M^^V^ + n^iM^^rO,} (3.23) 

which, in light of (|3.11| ) and the definitions of p^^^ and vr^, suggests the analog 

Xa^ r^i [x'^Maf3{mx) + n^Map{Xh)]. (3.24) 
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In fact, using (|3.9| ) and ( 3.11 ) in ( |3.71 ), we find for the classical conservation law, that 



dr 



d 



{m y'^ C{n)M^pC^[y + Wy] + Tv'{M^p)[\h]] 



dr 
d 



— [m x^Mo.p[C^y + t'y] + n^ {M^p) [\r. 



dr 
d 

dr 



(3.25) 



providing the generators with the form of a generalized angular momentum in terms of the 
relative Minkowski variables and the frame orientation variables. 



The Hamiltonian ( p.l3|) also assumes a simple form when expressed in terms of ( p.22|) : 



Suppose that a function f{n,y) is defined in such a way that its dependence on n is only 
through C{n)^y (which is to say that / is a function of x alone, even as n varies in r). Then 
we find that 



and 



so that 



dy''-' 


df 




d 



i=C{n)Ty 

df 



{L,y )- L^ ^^^ 



dy^ y-p 



i=C{n)Ty 



f 



^n^' d^" 



i=C{n)Ty 



^(^^"^') 



DJ 



'_d_ 
' d 
dl_ 

dl_ 

d^^ 

dl_ 

d^^ 



.T 






d 



f 



y 



/3 



i=C{n)Ty 



S.=C{n)Ty 



-/:/ + c 



d 



/:")/:/ 






^=C{n)Ty 



d 



■Q^li 



d 



pa n "i not ^ c a 



= 



(3.27) 



(3.28) 



(3.29) 
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where we have used ( p.2(]| ). Thus, D^ acts as a kind of covariant derivative which vanishes 
on functions of x alone. In particular, D^ vanishes on the eigenstates discussed in [^ and 
, in which case the Hamiltonian ( |3.13| , |3.26| ) reduces to the RMS Hamiltonian discussed in 
|I[]. The dynamical effects that we shall discuss in the next section are associated with the 
evolution of the wave function of the system to a form which does not depend only on x^. 



Notice also that 



h>'D, 



nM. 



(n ■ Vn - y'^tC^Vy 
~ d 



h ■ Vv 



dr 



£^V. 



(n • Vn + y ■ Vy - a; ■ V> 



(3.30) 



We may rewrite this expression as 



dx ■ Vx + dn^Da = dy -Vy + dn-Vn 



(3.31) 



which shows in yet another way that Vx and D^ generate the changes induced by dx and 
dn (with x^ held constant), just as Vy and Vn generate the changes induced by dy and dn 
(with y^ held constant). 

It will be useful to examine the classical Lagrangian in the presence of the fields A^""^ and 
Xfi, which we may find by treating the Hamiltonian in ( p.21| ) as a classical functional and 
evaluating 



n'^ 



_d_ 

dn,. 



K 



A 



[n^ + y^S'^p-exn 



and 



d 



d 



yfi 



K = -(p, - eAJr^) + l(vr. + y^S.p - ex.)^{y^S'p) 



dpi"" m'"^ ""^ ' ' X 
i(p^-eA(r))-n,(^V?/'' 



dnt" 



m 



Recalling (|3.8| ), we find that 



(3.32) 



(3.33) 



p • y + TT • n — K 

^m[y + CC^yf + hh' + e[{y + CC^y) ■ A(") + h ■ x] - V{x'] 



(3.34) 



14 



From (|3.2| ), we have 

ij + Ct^y = Cx, (3.35) 

so that we may write ( p.34[ ) in the form 



L = Imi^ + ^Xh^ + e[x ■ (^^A^")) + h ■ x] - Vix"^). (3.36) 

In order for L to be a Lorentz scalar, C'^A^"'^ must transform under the full Lorentz group 
0(3,1). Since A*^") was introduced as a field which transforms under the 0(2,1) little group, 
we may write 

AW = D-\A, n)A(") = C{An) A C^{n)A^''^ =^ C7 (An)A(")' = A /:^(n)A(") (3.37) 

verifying that the combination CT- A^'^^ transforms as a four vector under A. 

4 The Zeeman Effect 

In 0, the spacelike vector n played no particular role in the dynamics and could be chosen 
arbitrarily, because the systems under discussion were 0(3,l)-symmetric and no direction 
in spacetime was intrinsic to the problem (other than the axis of the bound state). That 
situation generalizes the nonrelativistic spherically symmetric central force problem, in which 
the absence of a preferred direction in space leads to the degeneracy of the energy spectrum 
with respect to the magnetic quantum number (which characterizes the orientation of the 
angular momentum). In 0], it was shown that the vector n plays a role in dipole radiation 
from the bound state, because conservation of angular momentum and the spin-1 nature of 
the electromagnetic field impose an orientation dependence on the interaction. Thus, the 
photon carries off spin provided by the bound state transition, and that transition depends 
on the orientation of the angular momentum of the state (determined by n) and the photon 
polarization. 

In the Zeeman effect, one lifts the degeneracy of the bound state spectrum by placing the 
state in a constant external magnetic field, which interacts with the magnetic moment (an- 
gular momentum) of the system and thereby provides a preferred direction in space. In 
the semiclassical picture, the atom will tend to rotate. The interaction angular momentum 
is intimately connected with the rotation generators, and for the bound states discussed 
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here, these generators are elements of the rotation subgroup of the induced representation 
of 0(3,1). Since the rotation group 0(3) C 0(3,1) acts on the vector n as well as the RMS 
variables y, the relativistic Zeeman effect can clearly only be described in the context of 
a theory which explicitly permits the generators to act directly on all the variables in the 
theory. In this section, we provide such a description in the context of the Hamiltonian 
theory given in the Section 4. 

In the nonrelativistic case, the Zeeman effect is obtained as a first order perturbation of the 
hydrogen atom bound state, by a vector potential 

A(r) = -^B X r (4.1) 

which leads to the constant magnetic field 

(V X A)* = e'^^^{-]-euimBir„,) = B\ (4.2) 



The Hamiltonian becomes 



= Ho + — A ■ p + 0(6^) 
m 

= Ho - -^(B X r) ■ p + o(e') 
= Ho - -^B ■ (r X p) + o(e2) 



2m 
2ra 



Ho - — B ■ L + o(e2) (4.3) 



where L = r x p is the angular momentum operator. Thus taking B in the direction of the 
diagonal angular momentum operator (usually the z-axis), the observed Zeeman splitting is 
obtained from (|4.3|) as 



Ein > Einq = Ein - ^q. (4.4) 

2m 
where q is the eigenvalue of the operator L^. 

In Section 3, we introduced two gauge compensation fields, A^^^^ and x^? required to make 
the Hamiltonian ( 3.13| ) locally gauge invariant. However, we now argue that just as n and y 



transform under inequivalent representations of the Lorentz group {y transforms under the 

16 



0(2,1) little group induced by the action of the full 0(3,1)), so A^^^ and Xi^ must be seen 
as inequivalent representations of the usual U(l) gauge group of electromagnetism. In the 
full spacelike region, a constant electromagnetic field, F^^^, can be represented through the 
vector potential 



A^'ix) 



-F'^'x, 



(4.5) 



We now restrict the support of A^ to x & RMS(?2) and express the vector potential as a 
vector oriented with RMS(ra) by writing 



PS-\y) = C,.A'^{C'y) 



\li,,F^^L^y^ = -\{LFL^y),. 



(4.6) 



For the field x^, we choose (note that n undergoes Lorentz transform in the same way as x 



X^(n) = h A^,{n) 



F'„n° 



(4.7) 



(here h is another length scale, required since A^(x) has units of length ^, so F^ must have 
units of length"^, but x^ must be without units) and we use ( |4.6| ) and ( [4.7| ) in the Schrodinger 



equation (|3.21 



idrip 



_L(p _ eA("))2 + ^(tt^ + /^^p - ex^)(vr^ + 1/%P - ex,) + V 
^ ^ "^ (p • A(") + A(") ■ p) + ;i(vr^ + y^'S^vf- 



2m 



P 



2m 



2A 



[{n^ + y' S^^)x, + X^vr, + y' 5^p)] + V + o(e^) 



2A 

-e[i^A(") ■ p + ^x^(vr, + Z/%p)] + o{e') 



^ 



^ 



where the first three terms of ( [4.8|) are the unperturbed Hamiltonian Kg. 
The perturbation term to order o(e), is 

m A 

= -e[lAW^p + l[x^vr + /(5-x)p] 
m A 

= -^[l.(CFC^yfp + jF>^X{n, + y^S,p)] 



2m 



A 



V^ 



(4i 



(4.9) 
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We now expand the electromagnetic field tensor on the basis of four by four antisymmetric 
tensors given by the Lorentz generators Ai^'^. Thus, 



F = -F^^M"" (4.10) 



may be verified through 



iF.^iM'-T^ = \ 



^pyP = _^^^(_^M-)a/3 ^ F^^^g^^'^g'^P - g^^Pg--) = F"". (4.11) 



Using (|4.1CI| ) in ([4.9|) we find that the perturbation term to order o(e) becomes 



^F^ply^CM^^C^'p + ^^^n.iM-^Tin, + /5.p)] (4.12) 

We note that if X/b"^ = m, then we may write the first order perturbation (using (|3.23|) ) as 

^F^ply^CM^f'C^p + n,{M"^r{7r, + y^S.p)] = ^F^^X'^^. (4.13) 

Am Am 

For F^'^Ffj_i, = 2(B^ — E^) > 0, there exists a frame for which the interaction is purely 
magnetic. In such a frame, the perturbation becomes 



Am Am, Am 2m 



2^ijkX'^ 



l^B^KX,) (4.14) 



where h{\k) are the three conserved generators of the SU(2) rotation subgroup of SL(2,C) for 
the phase space {(n, y); (tt, p)}, that is, the angular momentum operator for the eigenstates 
of the induced representation. Notice that in the matrix element for unperturbed eigenstates, 
the second terms of ( |4.9| ) vanishes, so the relativistic Zeeman effect does not depend upon 
the values of A or h. 

In 0, the diagonal angular momentum operator is Li{n) = h{Xi) = —id/d'j, and so if we 
take B = B{1, 0, 0) then we find that 

eB 

Ko -^ K = Ko-— /i(Ai) (4.15) 

2m 

splits the mass levels of the bound states according to 

Fin ^ F,„-^q (4.16) 

2m 



In going from ([4.15|) to ([4.16|) , we have used the fact that the unperturbed Hamiltonian of 



]8|) reduces to the the unperturbed Hamiltonian of [|]. Equation ( |4.16| ) further justifies the 



conclusion reached in [^ that q is the magnetic quantum number. Moreover, the manifest 
covariance of the formahsm guarantees that the sphtting of the spectrum will be independent 
of the observer. We observe that if F^^F^^ < 0, we may find a frame in which the interaction 
is purely electric, leading to a covariant formulation of the Stark effect. Since the electric field 
couples to the boost generators (which reduce to the position operator in the nonrelativistic 
limit) and these generators are not diagonal in this representation, the Stark effect remains 
formally (one really has only a resonance spectrum; the bound states are destroyed by the 
non-compact generator) a second order perturbation, and we will discuss it elsewhere. 
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